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1 Find the roots of the equation z 27 27i3 = - , giving your answers in the form reii , where r 02  and r r1G i- . [5]
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2 Let sinhI x x1 dxn
n

0
1= -` jy , where n is a non-negative integer.

 (a) Show that, for n 2H ,   ( )I n n I1 1n n 2=- + - - . [4]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Find the exact value of I2 . [3]
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3 By considering the binomial expansion of z z1
5-b l , where cos isinz i i= + , use de Moivre’s theorem to show that

cosec sin sin sinb ca5 35 i i i i= + + ,

 where a, b and c are integers to be determined. [6]
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4 y

x0 1 2 3 nn-1
 The diagram shows the curve with equation y x1 e x=  for x 1H , together with a set of n 1-  rectangles of unit width.
 (a) By considering the sum of the areas of these rectangles, show that

    .r n2 1 21 e e er n
r

n

1
1 + -

=
e o/  [5]
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 (b) Use a similar method to find, in terms of n, a lower bound for r1 e r
r

n

1=
/ . [4]
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5 Find the particular solution of the differential equation

tx tx x6 3 6dd dd e t2
2 + + = - ,

 given that, when t 0= , x tx 0dd= = . [10]
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6 (a) Starting from the definitions of tanh and sech in terms of exponentials, prove that
    tanh sechu u1 2 2- = . [3]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Show that ( )secht t t t1
1dd 1 2=- -

- . [4]
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 It is given that
tanhx t1= -       and      sechy t t1= - ,      for t0 11 1 .

 (c) Show that sechxy t t t1 1dd 2 2 1=- - + - -` j . [4]
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 (d) Find x
y

d
d

2
2  in terms of t. [4]
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7 Find the solution of the differential equation

xy x xx y10 615 1dd 2- + ++ = ,

 given that y 0=  when x 3= . Give your answer in an exact form. [10]
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8 (a) It is given that m  is an eigenvalue of the non-singular square matrix A, with corresponding eigenvector e.
  Show that e is an eigenvector of A3  with corresponding eigenvalue 3m . [2]
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 The matrix A is given by

A 100
312

405= -
-f p.

 (b) Show that the eigenvalues of A are 1- , 1 and 5. [2]
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 (c) Find a matrix P and a diagonal matrix D such that A PDPI2 1- = - . [6]
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 (d) Use the characteristic equation of A to show that ( )A I A A Ia b c2 3 2- = + +  where a, b and c are constants to be determined. [3]
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